There is a heterogeneous resource that contains both good parts and bad parts, for example, a cake with some parts burnt, or a land-estate with some parts polluted. The resource has to be divided fairly among n agents, each of whom has a personal value-density function on the resource. The value-density functions can accept any real value -positive or negative. Can standard cake-cutting procedures, developed for positive valuations, be adapted to this setting? This paper focuses on the question of envyfree cake-cutting with connected pieces. It is proved that such a division exists for 3 agents. It is explained what needs to be proved in order to extend this result to any number of agents.
: Left: a generic partition of the cake among n = 3 agents. l1 + l2 + l3 = 1. Right:The simplex of partitions for n = 3 agents. Each point represents a partition. Seven points are marked, and the corresponding partitions are shown.
Agent labelings. Given a partition of the cake to n intervals, each agent has one or more preferred pieces -piece/s whose value for the agent is highest. In contrast to the usual cake-cutting problem, an agent may prefer the empty piece, whose value is 0. This happens when the value of all non-empty pieces is negative.
Denote [n] := {1, . . . , n}. The preferences of agent A i can be represented by a function L i : ∆ n−1 → 2 [n] . The function L i maps each cake-partition (= a point in the unit simplex) to the set of pieces that the agent prefers in this partition (= a set of labels from [n] ). The set of preferred pieces always contains at least one label; it may contain more than one label if the agent is indifferent between two or more pieces. This is particularly important in case the agent prefers an empty piece, since there are partitions in which there is more than one empty piece. In such a partition, L i will be the set of all empty pieces. See Figure 2 .
Envy-free division. A division in which each agent receives one of his preferred pieces is called an envy-free division. An envy-free division corresponds to a point x in the partition-simplex where it is possible to select, for each i, a single label from L i (x), such that the n labels are distinct.
Approximately-envy-free division. An -envy-free division is division in which, for every agent A i , the borders of the pieces can be moved by at most such that, in the resulting division, i believes that his interval is at least as good as any other interval. If is sufficiently small (e.g. 0.01 millimeter) then an -envy-free division is envy-free for all practical purposes, since a movement Left: the value of the entire cake is positive. Hence, in each main-vertex i, the agent prefers only piece i, since it is the only non-empty piece. In the edges between two main vertices i, j, the agent prefers either i or j. Right: the value of the entire cake is negative. Hence, in each main-vertex i, the agent prefers the two empty pieces -the two pieces that are NOT i. In the edges between two main vertices, all three labels may appear.
of 0.01 millimeter is not noticeable by humans. Definition 1.1 (Envy-free simplex). Let T be a triangulation of ∆ n−1 , V ert(T ) the set of vertices of T , and L i : V ert(T ) → 2
[n] the agent labelings of the vertices of T (for i ∈ {1, . . . , n}). An envy-free simplex is a sub-simplex of T with vertices (t 1 , . . . , t n ), such that, for each agent A i , it is possible to select a single label from L i (t i ) such that the n labels are distinct.
If the radius of each sub-simplex in T is at most , then each envy-freesimplex corresponds to an -envy-free division. The goal of the present paper is to prove that an envy-free-simplex always exists, so for every > 0, there exists an -envy-free division. Since the valuations are continuous, this implies the existence of an envy-free division.
The positive case
When the value of the entire cake is positive, every labeling L i satisfies Sperner's boundary condition: the label of every triangulation-vertex in the face F I must be from the set I (see Figure 2 /Left). Succinctly:
Sperner's lemma implies that for every i there is a fully-labeled simplex -a simplex whose n vertices are labeled by L i with n different labels. Right: the corresponding united labeling, created by the trick of Su (1999) . The subtriangle marked in blue is fully-labeled and it corresponds to an approximately-envy-free allocation.
Lemma 2.1 (Sperner lemma). Let T be a triangulation of
. If L satisfies Sperner's boundary condition, then it contains a fully-labeled simplex.
However, we need not a fully-labeled simplex but an envy-free simplex (see Definition 1.1). The existence of an envy-free simplex follows from Bapat's lemma (Bapat, 1989) :
. If each L i satisfies Sperner's boundary condition, then there exists an envy-free simplex. Su (1999) presents an alternative proof to Bapat's lemma. He converts n agent-labelings L 1 , . . . , L n to a single labeling L W in the following way. Each triangulation-vertex is assigned to one of the n agents, such that in each subsimplex, each of its vertices is owned by a single agent. See Figure 3 /Left. Now, each vertex is labeled with the corresponding label of its owner: if a vertex x is owned by agent 
The negative case
When all value-densities are negative, the agents always prefer an empty piece to a non-empty piece. As already noted by Su (1999) , the labelings in this case still satisfy Sperner's condition, so an envy-free simplex still exists. 
The Mixed Case
When the cake may contain both positive and negative pieces, the situation is more challenging, since in each point, the agent may prefer either an empty piece or a non-empty piece. Hence, the agent labelings no longer satisfy Sperner's boundary condition; see Figure 2 /Right. Fortunately, there is a boundary condition that is satisfied for all agent labelings, regardless of whether the cake is positive, negative or both. We call it the Permutation Condition. We first illustrate it by example, then define it formally.
Permutation Condition -Example
The Permutation Condition relies on the fact that different points on the boundary of the partition-simplex may represent the same physical cake-partition. For example, consider the three diamond-shaped points in Figure 4 . In each of these points, there is a leftmost piece with a length of 0.8, a rightmost piece with a length of 0.2, and an empty piece. If the agent prefers the left/right/empty piece in one of these points, he necessarily prefers the left/right/empty piece in the other two points. In the example points, the agent always prefers the empty piece; this is piece 3 in the edge F {1,2} , piece 2 in the edge F {1,3} , and piece 1 in the edge F {2,3} .
The following table shows the correspondence between the labels in the interiors of the three edges. The rightmost column corresponds to the labeling in each edge in Figure 4 /Right. Note that the labeling always goes from the vertex with the lower index (the Left vertex) to the vertex with the higher index (the Right vertex). E means that the agent prefers the Empty piece, R means the Right piece and L means the Left piece. Braces imply that there are multiple labels on the same point.
As seen in the table, the labelings on the edges are the same up to permutation. Permutations have different parities. Each permutation is equivalent to a sequence of swaps; the parity of a permutation is defined as the parity of the number of swaps. So, on the edge F {1,2} , the permutation (123) is an even permutation of (123), since it is equivalent to zero swaps; similarly, on the edge F {2,3} , the permutation (231) is even, since it is equivalent to two swaps. But on the edge F {1,3} , the permutation (132) is odd, since it is equivalent to a single swap.
The edges can also be assigned different parities. Suppose we travel on the boundary counter-clockwise, starting at the main-vertex F 1 . Then, we travel the edge F {1,2} in the "positive" direction -from the low-indexed main-vertex (1) to the higher-indexed main-vertex (2). Then, we travel the edge F {2,3} in the "positive" direction -from the low-indexed main-vertex (2) to the higherindexed main-vertex (3). Then, we travel the edge F {1,3} in the "negative" direction -from the high-indexed main-vertex (3) to the lower-indexed mainvertex (1). Interestingly, the label-permutation is even on the positive edges and odd on the negative edges.
Permutation Condition -Definitions
To formalize the Permutation Condition we need several definitions.
Definition 3.1. Two point x, y ∈ ∆ n−1 are called friends if they have the same ordered list of non-zero coordinates.
For example, on ∆ 3−1 , the points (0, .2, .8) and (.2, 0, .8) and (.2, .8, 0) are friends, since their ordered list of non-zero coordinates is (.2, .8). But the point (0, .8, .2) is not their friend since the order is different.
How many friends does a point x have? If x in the interior of ∆ n−1 , then all its coordinates are nonzero, so it has no friends except itself. Suppose x ∈ F I , where I ⊆ [n] is some subset of the main-vertices and F I is a face of ∆ n−1 which is the convex hull of the main vertices in I. Then, x has a single friend in each face F I where |I| = |I |. So if |I| = k then x has n k friends (including itself). For example, the point (0, .2, .8) is on the face F {2,3} , so it has 3 2 = 3 friends including itself. Definition 3.2. A triangulation T is called friendly if, for every vertex x ∈ V ert(T ), all the friends of x are in V ert(T ).
One way to create a friendly triangulation is to divide the unit simplex to sub-simplexes of equal side-length, as in e.g. Figure 4 .
be a labeling of a friendly triangulation of the unit simplex. L satisfies the permutation condition if:
• For every two faces I, I with |I| = |I |, there exists a permutation on the labels:
• For every two friends x ∈ I and x ∈ I :
Note that this condition is trivially satisfied in the interior of ∆ n−1 , since every point in the interior is its own only friend. The condition has bite only on the boundary of ∆ n−1 .
• If the parity of i∈I i is the same as the parity of i∈I i, then π I,I is an even permutation; otherwise, π I,I is an odd permutation.
To illustrate the parity condition, consider again the example in Subsection 3.1. There, the permutation π {1,2},{2,3} is even (123-231), and indeed the parity of 1 + 2 equals the parity of 2 + 3. In contrast, the permutation π {1,2},{1,3} is odd (123-132), and indeed the parity of 1 + 2 differs from the parity of 1 + 3. Musin (2014) defines the degree of a cyclic sequence of labels. Let S be a cyclic sequence of labels from {1, 2, 3}. For any two labels i, j, denote by # ij (S) the number of adjacent i, j pairs in the sequence S. Then:
Degree of a Labeling
We extend the definition in two ways. First, we allow non-cyclic sequences and fractional degrees. For any sequence S of labels from {1, 2, 3}, define:
It is possible to prove that, when S is cyclic:
So when S is cyclic, deg(S) is an integer number and it is equal to deg 12 (S).
We are mainly interested in sequences that come from labelings of triangulations. Given a labeling L of a triangulation of ∆ n−1 , and two points x, y on the boundary of ∆ n−1 , we denote by L[xy] the sequence of labels assigned by L to the vertices from x to y. We denote by
] the cyclic sequence of labels assigned by L to the boundary of ∆ 3−1 from F 1 counter-clockwise. In Figure 2 /Left, L[F 1 F 2 F 3 F 1 ] = 1122222333333311 and its degree is +1.
Second, we handle vertices with two or more labels. In the context of cakecutting, such vertices appear when an agent is indifferent between two or more pieces. We would like to let the agent to select one of these labels arbitrarily. However, in general, the selection might affect the degree of the labeling. For example, consider the cyclic sequence of labels "1{23}31", where "{23}" denotes a label that can be either 2 or 3. If it is selected to be 2 then the degree is 1, but if it is selected to be 3 then the degree is 0. To make sure that the degree is well-defined and does not depend on the labeling, we make the following assumption.
Assumption 3.4. If a vertex x ∈ V ert(T ) has more than one label (|L(x)| > 1), then all the vertices adjacent to x are labeled by a label from L(x).
As an example, see the labeling in Figure 5 , where the assumption is satisfied in all three vertices that have multiple labels. Assumption 3.4 holds in our cake-cutting application whenever the triangulation is sufficiently fine (the distance between two adjacent vertices is sufficiently small). The reason is that the agents' valuations are continuous. Suppose that at some partition the agent is indifferent between piece i and piece j, and believes that these two pieces are strictly better than any other piece. If the cut locations are moved by a sufficiently small amount, then the pieces i, j are still strictly better than any other piece, so one of them must be the agent's best piece.
Assumption 3.4 implies that deg(L[∂∆ 3−1 ]) is well-defined even when some vertices have multiple labels. For example, for the labeling in Figure 5 , the degree on the boundary is +4.
As explained by Musin (2014) , the degree of a labeling can be defined in a more general way. To each labeling L : V ert(T ) → 2
[n] on the boundary of ∆ n−1 corresponds a continuous piecewise-linear mapping f L : ∂∆ n−1 → ∂∆ n−1 defined as follows:
• If x ∈ V ert(T ) and L(x) contains a single label l, then f L (x) := F l = the main vertex whose index is l.
• If x ∈ V ert(T ) and L(x) contains more than one label, then some label l ∈ L(x) is selected arbitrarily and f L (x) := F l .
• If x is in the convex hull of two or more vertices of V ert(T ), e.g.
, determined by the barycentric coordinates of x in the sub-simplex t 1 , . . . , t k .
The construction is illustrated in Figure 5 . The point marked by a diamond on the "source simplex" (Left) is labeled by 1, so it is mapped to F 1 in the "target simplex" (Right). If we travel from this diamond counter-clockwise along the boundary, we arrive at a point labeled by 2 on the source simplex. That point is mapped to F 2 on the target simplex. All points along the way are mapped to the edge F 1 F 2 .
If we proceed in this way and arrive back at the diamond, we have made a single trip around the source simplex, and at the same time, we have made several trips around the target simplex (in this case, 4 trips). The number of trips around the target simplex that corresponds to a single trip around the source simplex is known as the degree of the mapping f L . The degree can be negative, for example, if a single trip counter-clockwise around the source simplex corresponds to 3 trips clockwise around the target simplex, then deg(f L ) = −3.
Here, we allow a fractional degree, which corresponds to incomplete rounds on the target simplex. For example, the degree of f L on the interval that starts at the diamond labeled 1 and ends at the X labeled 2 is 4/3, since when going from the diamond to the X on the source simplex we make on the target simplex one complete round and an additional 1/3 round. Assumption 3.4 implies that the degree is the same regardless of the label selected for F 2 .
It is easy to see that the boundary-degree of a labeling L, as defined above, equals the degree of its corresponding function f L :
so the boundary-degree of the labeling in Figure 5 is +4. The concept of a degree can be extended to higher dimensions. Let S be any arrangement of labels on a triangulation of some simplex. Denote by # ijk (S) the number of triangles whose three endpoints are labeled by i, j, k in a counterclockwise order. Then:
Note that any even permutation of ijk (e.g. kij, jki) is equivalent to ijk, and any odd permutation (e.g. kji, ikj) is equivalent to jik. The proofs of Musin (2014) imply the following generalization of Sperner's lemma for the case n = 3: Lemma 3.5. For any labeling L of the unit simplex ∆ 3−1 :
The lemma and its proof are illustrated in Figure 6 . Go counter-clockwise around each sub-simplex of the source simplex (left) and count the number of rounds around the target simplex (right). Each 123-triangle contributes +1 round, each 213-triangle contributes −1 round, and each other triangle contributes no rounds. So the number of rounds around the target simplex is exactly deg 123 (L[∆ n−1 ]). But, when we go counter-clockwise around each sub-simplex, we count each internal edge of T twice: once forward and once backward. So all internal edges "cancel out". The only edges that do not cancel out are the edges on the boundary of T , which are counted only once, in the forward direction. Therefore, the number of rounds around the target simplex exactly equals the number of rounds when we travel only on the boundary of ∆ n−1 , which is deg(L[∂∆ n−1 ]). Therefore, the two degrees are equal as claimed.
Lemma 3.5 implies the following generalization of Sperner's lemma:
From Permutation to Degree
Below we show that, when n = 3, the Permutation Condition implies that the labeling has a non-zero degree.
Lemma 3.7. Let L be a labeling of a friendly triangulation of ∆ 3−1 such that: (a) L satisfies the Permutation Condition (Definition 3.3), and (b) the labels of the main vertices
Proof. By the Permutation Condition, the sequence
The degree of L on ∂∆ 3−1 is the sum of its degree on the three edges:
By assumption (b) of the lemma, the labels of
is not a multiple of 3. In particular, it is not 0.
Existence of envy-free simplex
Lemma 3.7 implies that, for every agent A i , the labeling L i that describes the agent's preferences has a fully-labeled simplex. But, we have n labelings L 1 , . . . , L n and we need an envy-free simplex (Definition 1.1).
We proceed as in positive case (Section 2). Given three labelings L 1 , L 2 , L 3 :
satisfying the Permutation Condition, we construct a single labeling L W that also satisfies the Permutation Condition. Then, we apply Lemma 3.7 directly to the united labeling L W . The lemma implies that there is a fullylabeled simplex in L W , which implies that there is an envy-free simplex in L 1 , . . . , L n . To define L W formally, we need several definitions.
Definition 3.8. An ownership-assignment of a triangulation T is a function from the vertices of the triangulation to the set of n agents, W : V ert(T ) → {A 1 , . . . , A n }.
Definition 3.9. An ownership-assignment W is called diverse if in each subsimplex in T , each vertex of the sub-simplex has a different owner.
Definition 3.10. An ownership-assignment W is called friendly if it assigns friends to the same owner. I.e, if the vertices x, y are friends (see Definition 3.1), then W (x) = W (y).
The diversity condition was introduced by Su (1999) . As an example, the ownership-assignment of Figure 3 is diverse. However, it is not friendly. For example, the two vertices near (1, 0, 0) are friends since their coordinates are (.8, .2, 0) and (.8, 0, .2), but they have different owners. It is easy to construct a friendly ownership-assignment: go from F 1 towards F 2 , assign the vertices to arbitrary owners, then assign the vertices from F 1 towards F 3 and from F 2 towards F 3 to the same owners. However, in general it will not be easy to extend this to a diverse assignment.
Does there always exist an ownership-assignment which is both diverse and friendly? We now prove that the answer is yes. The construction is based on the Barycentric subdivision.
Lemma 3.11. For any n ≥ 3 and any > 0, there exists a triangulation T of ∆ n−1 where the diameter of each sub-simplex is at most , and an ownershipassignment of T that is both friendly and diverse.
Proof. The construction is based on the Barycentric subdivision. The Barycentric subdivision of a simplex with main vertices F 1 , . . . , F n is constructed as follows. Each permutation yields a different subsimplex, so all in all, the barycentric subdivision of an (n − 1)-dimensional simplex contains n! subsimplices (see Figure 7 /Left for the case n = 3). Note that each sub-simplex has exactly one vertex of each level m ∈ {1, . . . , n}.
By recursively applying the barycentric subdivision to each subsimplex (as in Figure 7 /Right), we get the Barycentric triangulation. It is known that, in each subdivision, the diameter of the subsimplices is at most n/(n + 1) the diameter of the original simplex; hence, for every , there exists a barycentric triangulation in which the diameter of each sub-simplex is at most .
The ownership assignment is determined by the levels of the vertices in the last subdivision step: all the vertices whose level in the last subdivision is i are assigned to agent i (see Figure 7 /Right). This ownership assignment is diverse and friendly:
• It is diverse since each subsimplex has exactly one vertex of each level.
• It is friendly since the assignment in all faces is symmetric, so every two friends must have the same level.
Definition 3.12. Given a triangulation T , n labelings L 1 , . . . , L n , and an ownership-assignment W , the united labeling L W is the labeling that assigns to each vertex in V ert(T ) the label/s assigned to it by its owner. I.e, if
The following lemma explains why we need friendly ownership assignments.
Lemma 3.13. Let L 1 , . . . , L n be labelings of a friendly triangulation T , all of which satisfy the Permutation Condition with the same permutations π I,I . If W is a friendly ownership-assignment, then the united labeling L W also satisfies the Permutation Condition with the same permutations π I,I .
Proof. The permutation condition restricts only the labels of friends. Since all friends are labeled by the same owner, and the labeling of each owner satisfies the Permutation Condition, the united labeling also satisfies the same condition.
The final theorem ties the knots:
Theorem 3.14. Let T be a friendly triangulation of the partition-simplex ∆ n−1 , for n = 3.
Let W be a friendly and diverse ownership-assignment on T , which exists by Lemma 3.11.
Let L 1 , . . . , L n be labelings of V ert(T ), all of which satisfy the Permutation Condition with the same permutations π I,I , and all of which assign different labels to the main-vertices F 1 , . . . , F n .
Then, there exists an envy-free simplex of L 1 , . . . , L n .
Proof. Using the labelings L 1 , . . . , L n and the ownership-assignment W , 
Open Questions
In order to extend our results to 4 or more agents, we have to extend our lemmas in the following way.
Extension of Lemma 3.5 : For any labeling L of the unit simplex ∆ n−1 by the labels 1, . . . , n, define:
• deg 1...n (L[∆ n−1 ]) = the number of simplices labeled by all labels 1, . . . , n in a positive permutation, minus their number in a negative permutation.
• deg(L[∂∆ n−1 ]) = the number of boundary-simplices labeled by 1, . . . , n−1 in a positive permutation minus their number in a negative permutation (equivalently: the degree of the piecewise-linear function f L induced by the labeling L on the boundary of ∆ n−1 )..
We have to prove that:
Extension of Lemma 3.7 : Let L be a labeling of a friendly triangulation of ∆ n−1 such that: (a) L satisfies the Permutation Condition (Definition 3.3), and (b) the labels of the main vertices F 1 , . . . , F n are all different. We have to prove that deg(L[∂∆ n−1 ]) = 0.
